Let N be a compact, connected, nonorientable surface of genus g with n boundary components. Let C(N ) be the curve complex of N . We prove that if (g, n) = (3, 0) or g + n ≥ 5, then there is an exhaustion of C(N ) by a sequence of finite rigid sets. This improves the author's result on exhaustion of C(N ) by a sequence of finite superrigid sets.
Introduction
Let N be a compact, connected, nonorientable surface of genus g with n boundary components. Let Mod N denote the mapping class group, the group of isotopy classes of all self-homeomorphisms, of N. Let C(N) denote the complex of curves of N. This is an abstract simplicial complex. Its vertex set is the set of isotopy classes of nontrivial simple closed curves on N where nontivial means it does not bound a disk, it does not bound a Möbius band and it is not isotopic to a boundary component of N. A set of n vertices forms an n − 1 dimensional simplex if its elements can be represented by pairwise disjoint simple closed curves on the surface. There is a natural action of Aramayona-Leininger proved that there is an exhaustion of the complex of curves by a sequence of finite rigid sets on compact, connected, orientable surfaces in [2] . We will prove that result for nonorientable surfaces in this paper. We will use the same notation for any set and the subcomplex of C(N) that is spanned by that set. The main result is the following: Theorem 1.1 If (g, n) = (3, 0) or g + n ≥ 5, then there exists a sequence E 1 ⊂ E 2 ⊂ · · · ⊂ E n ⊂ . . . such that (i) E i is a finite rigid set in C(N) for all i ∈ N, (ii) when g + n ≥ 5, E i has trivial pointwise stabilizer in Mod N for each i ∈ N, and (iii) i∈N E i = C(N).
Ivanov proved that automorphisms of complex of curves are induced by homeomorphisms on compact, connected, orientable surfaces when genus is at least two, and using this result he classified injective homomorphisms between finite index subgroups of mapping class groups in [9] . After that many results were proven about simplicial maps of complex of curves on orientable and nonorientable surfaces. Superinjective simplicial maps of complex of curves were first studied by the author in [4] to classify injective homomorphisms from finite index subgroups of mapping class groups to the whole group for orientable surfaces. We remind that a simplicial map is called superinjective if it preserves geometric intersection zero and nonzero properties of vertices. The author also proved that superinjective simplicial maps of the complexes of curves on nonorientable surfaces are induced by homeomorphisms in [5] . Superinjective simplicial maps of two-sided curve complexes were classfied by Irmak-Paris on nonorientable surfaces in [7] . Using this result Irmak-Paris gave a classification of injective homomorphisms from finite index subgroups to the whole mapping class group on these surfaces in [8] . Shackleton proved that locally injective simplicial maps of the curve complex are induced by homeomorphisms in [12] for orientable surfaces. Aramayona-Leininger proved that there exists a finite rigid subcomplex in the curve complex of a compact, connected, orientable surface R in [1] , and using this result they proved that there is an exhaustion of the curve complex by a sequence of finite rigid sets on such orientable surfaces in [2] , i.e. there exists a sequence X 1 ⊂ X 2 ⊂ · · · ⊂ X n ⊂ . . . such that X i is a finite rigid set in C(R) for each i, and i∈N X i = C(R). For nonorientable surfaces, Ilbira-Korkmaz proved the existence of finite rigid subcomplexes in C(N) when g +n = 4 in [3] . The author proved that if (g, n) = (1, 2) and g + n = 4, then there is an exhaustion of C(N) by a sequence of finite superrigid sets in [6] (a subcomplex X of C(N) is called superrigid if every superinjective simplicial map λ : X → C(N) is induced by a homeomorphism.)
In this paper the author improves her result given in [6] and proves that there is an exhaustion of C(N) by a sequence of finite rigid sets except for a few cases.
Remark: Proving the exhaustion of C(N) by finite rigid sets is a harder problem than proving the exhaustion of C(N) by supperrigid sets since controlling the images of finite sets under locally injective simplicial maps is harder than controlling the images of finite sets under superinjective simplicial maps. In this paper we had to come up with different curve configurations and hence a different sequence compared to the work given by the author in [6] . Differences also show up for small genus cases (which effects the construction of the sequence for higher genus cases) that we discuss in section one. For example, we show that for (g, n) = (2, 1) there is no exhaustion of C(N) by finite rigid sets, even though there is an exhaustion of C(N) by finite superrigid sets which was proved in [6] .
2 Exhaustion of C(N ) by finite rigid sets for some small genus cases
We will show that the statement that there exists an exhaustion of the complex of curves by a sequence of finite rigid sets is true for (g, n) = (1, 0), (g, n) = (1, 1) and (g, n) = (3, 0), and not true for (g, n) = (1, 2), (g, n) = (2, 0) and (g, n) = (2, 1). Let a be a simple closed curve on N. The curve a is called 1-sided if a regular neighborhood of a is homeomorphic to a Möbius band, and it is called 2-sided if a regular neighborhood of a is homeomorphic to an annulus. We recall that if v is a vertex, then its star, St(v), is the subcomplex of C(N) whose simplices are the simplices of C(N) that contain v and the faces of such simplices.
If (g, n) = (1, 0), then N is the projective plane. If (g, n) = (1, 1), then N is Mobius band. If (g, n) = (1, 0) or (g, n) = (1, 1), then there is only one vertex in the curve complex. It is represented by a 1-sided curve and we see that C(N) is a rigid set. If (g, n) = (1, 2), then the vertex set is {[a], [b]} (see [13] ) where the 1-sided curves a and b are as shown in Figure 1 Figure 1 (ii) (see [13] When (g, n) = (2, 1) the complex of curves is given by Scharlemann (see [13] ). The vertex set is
m ∈ Z} where the 2-sided curve a and 1-sided curve b are as shown in Figure 2 (i) (the figure is drawn with a puncture instead of a boundary component) and t x is the dehn twist about x. The complex is given in Figure 2 (ii). If 
homeomorphism. So, there exists no finite rigid set containing [a].
If f : N → N is a homeomorphism, then we will use the same notation for f and [f ] * . Now we will prove Theorem 1.1 for (g, n) = (3, 0). In this section from now on we assume that (g, n) = (3, 0). Let B = {a 1 , a 2 , a 3 , c 1 , c 2 , d, e, f, j, l, u, v, w} where the curves are as shown in Figure 3 . We use cross signs in the figures to mean that we remove the interiors of the disks which have cross signs inside and identify the antipodal points on the resulting boundary components. Note that the curve l is 1-sided and l has orientable complement on N. The set B has nontrivial curves of every topological type on N.
Lemma 2.1 B = {a 1 , a 2 , a 3 , c 1 , c 2 , d, e, f, j, l, u, v, w} is a rigid set.
Proof.
Let λ : B → C(N) be a locally injective simplicial map. Since a 1 , a 2 , a 3 are pairwise disjoint, λ is locally injective and (g, n) = (3, 0), we can see easily that λ([a 1 ]), λ([a 2 ]) and λ([a 3 ]) have pairwise disjoint representatives which are 1-sided curves on N. So, there exists a homeomorphism h of N such that h([x]) = λ([x]) for each x ∈ {a 1 , a 2 , a 3 }. Since d is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 2 , a 3 , and also nonisotopic to a 1 we see that
Since v is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of e, a 3 , and also nonisotopic to a 1 we have h(
To see that h([l]) = λ([l]) we will consider the description of this curve complex given by Scharlemann in [13] : the complex is as given in the first part of Figure 4 except that there is also a cone point, the vertex [l], which is connected only to every vertex on the boundary of the disk. The vertices in the interior of the disk correspond to 1-sided curves which have nonorientable complements on N. The vertices on the boundary of the disk correspond to 2-sided curves. The cone point is [l] and l is the unique 1-sided curve up to isotopy which has orientable complement on N (see [13] Let a
respectively. By the above arguments we see that a
′ are as shown in Figure 4 (iii). Since λ is locally injective, λ([w]) is not equal to any of
Since there is an edge between w and a 2 , there will be an 
Since there is an edge between e and j, there will be an edge between e ′ and j ′ as shown in Figure 4 (iii). Since λ is locally injective it sends edges to edges. Since there is an edge between w and l, there will be an edge between w ′ and l ′ . Since there is an edge between j and l, there will be an edge between j ′ and l ′ . Hence, we can see that
) is a path of lenght four and j ′ , l ′ , w ′ are as shown in Figure 4 (iii). This is possible only when l ′ is isotopic to l.
Since l is the unique 1-sided curve up to isotopy which has orientable complement on N, we also have
Since c 1 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 3 and l we have
Since c 2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 1 and l we have
Since w is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 2 and l we have h([w]) = λ([w]). Since j is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of e and l we have h(
Hence, B is a rigid set. G = {t c 1 , t c 2 , y} is a generating set for the mapping class group, Mod N , where y is the cross-cap slide of a 3 along c 2 , and t x is the Dehn twist about x, see Figure 5 , see also Theorem 3.15 given by the author in [6] and Theorem 4.14 given by Korkmaz 
Proof.
The proof follows as in the proof of Lemma 4.2 in [6] . Consider the curves in Figure 3 . Let V 1 = {c 1 , c 2 , w} and V 2 = {c 1 , c 2 , j}. The pointwise stabilizer of each of V 1 and V 2 is the center of Mod N . The center of Mod N is isomorphic to Z 2 (Theorem 6.1 in
The proof of the following theorem is similar to the proof of Theorem 3.14 given by the author in [6] .
Proof. The proof will follow similar to the proof given by the author in section 4 in [6] . We note that the difference is that to control the image of rigid sets under locally injective simplicial maps, we used a bigger set (with more curves u, v) than the set considered in Lemma 4.1 in [6] . So, even though there are similarities, the sequence we will construct here whose elements are rigid sets will be different from the sequence we constructed whose elements were superrigid sets in [6] .
We can see that if x is a vertex in C(N) then there exists r ∈ Mod N and a vertex y in B such that r(y) = x. Let E 1 = B and
We will prove that E k is a rigid set for every k by induction on k. By Lemma 2.1, E 1 is a rigid set. Assume that E k−1 is rigid for some k ≥ 2. We want to see that E k is rigid. Let λ : E k → C(N) be a locally injective simplicial map. It is easy to see that λ restricts to a locally injective simplicial map on E k−1 . Since E k−1 is rigid, there exists a homeomorphism h :
is also a rigid set. Since the map λ restricts to a locally injective simplicial map on
where i is the generator for the center of Mod N (the center is isomorphic to Z 2 ). Similarly, the map λ restricts to a locally injective simplicial map on f
3 Exhaustion of C(N ) by finite rigid sets when g+n ≥ 5
Ilbira-Korkmaz constructed finite rigid subcomplexes in C(N) in [3] . Their construction starts with a disk D in the plane whose boundary is a (2g + 2n)-gon with labeled edges s 1 , e 1 , s 2 , e 2 , s 3 , e 3 , . . . , s g , e g , z 1 , e g+1 , z 2 , e g+2 , . . . , e g+n−1 , z n , e g+n , see Figure 6 (i). By glueing two copies of this disk D along e i for each i one gets a sphere S with g + n holes. A nonorientable surface N of genus g with n boundary components is obtained by identifying the antipodal points on each boundary component of S that are formed by s i for each i. Let a i be the 1-sided curve on N that corresponds to the arc s i on D. Let a i,j be the 1-sided curve on N that corresponds to a line segment joining the midpoint of s i and a point of e j on D. Let b i,j be the 2-sided curve on N that corresponds to a line segment joining a point of e i to a point of e j on D. From now on we will always assume that g + n ≥ 5. Let B 1 = X . Let w i , r i for i = 1, 2, . . . , g + n be as shown in Figure 7 (i) and (ii). Let B 2 = {w 1 , w 2 , . . . , w g+n , r 1 , r 2 , . . . , r g+n } on N.
Proof. We will give the proof when g = 4 and n ≥ 1. The proof for the other cases is similar. By Theorem 3.1, there exists a homeomorphism h :
for every x in B 1 . Consider the curves given in Figure 7 (iii) and (iv). 
Proof. The proof is similar to the proof of Lemma 3.2.
In the proof of the following lemma we will be using pentagons in C(N). We remind that five vertices v 1 , v 2 , . . . , 
Proof. We will give the proof for g = 4, n ≥ 1. The other cases are similar. The map λ restricts to locally injective simplicial maps on B 1 and B 1 ∪ {w 1 , w 2 , . . . , w g+n }. By 
Proof. The proof is similar to the proof of Lemma 3.4 (use Lemma 3.3).
Let B 2 = {w 1 , w 2 , . . . , w g+n , r 1 , r 2 , . . . , r g+n }. In Figure 9 we show the curves r i , w i .
Lemma 3.6 B 1 ∪ B 2 is a finite rigid set with trivial pointwise stabilizer.
Proof. We can see the proof by using Lemma 3.4 and Lemma 3.5. The proof is similar to the proof of Lemma 3.6 in [6] . From now on in the figures we will fill some disks with stripes to mean that the boundary of each disk either bounds a Möbius band or is isotopic to a boundary component of N. In Figure 10 (i) we see a disk which is filled with stripes. This will mean that (i) If 2 ≤ i ≤ g − 1, then the boundary of the disk bounds a Möbius band and has a i−1 as the core; (ii) If i = 1 and N is closed, then the boundary of the disk bounds a Möbius band and has a g as the core; and (iii) If i = 1 and N is not closed, then the boundary of the disk is isotopic to a boundary component of N. In Figure 10 , Figure 11 and Figure  13 we assume that the indices i and j satisfy the equation |j − i| = 2 (mod (g + n)). Let B 3 = {u 1 , u 2 , . . . , u g−1 , v 1 , v 2 , . . . , v g−1 , x 2 , x 3 , . . . , x g } where the curves are as shown in Figure 10 . Proof. We will give the proof when n ≥ 2. The proofs for n ≤ 1 cases are similar. Let λ : Cutting N along the curve b 3,g+n gives a nonorientable surface, M 2 , of genus two with two boundary components, containing a 1 and a 2 . The curve x 2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 1 , a 2,3 , a 2,g+n , b 3,g+n and all the curves of B 1 ∪ B 2 that are in N \ M 2 . Since h and λ agree on the isotopy class of all these curves, we see that
(ii) Suppose g = 3. Cutting N along the curve b 3,g+n gives a nonorientable surface, M 3 , of genus three with one boundary component, containing a 1 , a 2 and a 3 . The curve x 2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 1 , a 3 , a 2,3 , a 2,g+n , b 3 ,g+n and all the curves of B 1 ∪ B 2 that are in N \ M 3 . Since h and λ agree on the isotopy class of all these curves, we see that h([x 2 ]) = λ ([x 2 ] ). When we cut N along the curve b 4,1 we get a nonorientable surface, M 2 , of genus two with two boundary components, containing a 2 and a 3 . The curve x 3 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 2 , a 3,4 , a 3,1 , b 4,1 and all the curves of B 1 ∪ B 2 that are in N \ M 2 . Since h and λ agree on the isotopy class of all these curves, we see that h([ 
where the curves are as shown in Figure 11 and Figure 12 .
We will give the proof when n ≥ 2. The proofs n ≤ 1 are similar. Let λ :
be a locally injective simplicial map. It is easy to see that λ restricts to a locally injective simplicial map on
Proof of Claim 1: When we cut N along the curve b 2,g+n−2 we get a nonorientable surface, M 2 , of genus two with three boundary components, containing a 1 and a 2 . The curve u 1,o is the unique nontrivial simple closed curve up to isotopy disjoint from a 2 , r 1 , b 2,g+n−2 , b g+n,g+n−2 , all the curves of B 1 ∪ B 2 that are in N \ M 2 , and also nonisotopic to a 1 . Since h and λ agree on the isotopy class of all these curves, we have h([u 1,o ]) = λ ([u 1,o ] ). When we cut N along the curve b 3,g+n−1 we get a nonorientable surface, M 3 , of genus three with two boundary components, containing a 1 , a 2 and a 3 . The curve u 2,o is the unique nontrivial simple closed curve up to isotopy disjoint from a 1 , a 3 , r 2 , b 1,g+n−1 , b 3,g+n−1 , all the curves of B 1 ∪ B 2 that are in N \ M 3 , and also nonisotopic to a 1 . Since h and λ agree on the isotopy class of all these curves, we have
Proof of Claim 2: When we cut N along the curve b 2,g+n−2 we get a nonorientable surface, M 2 , of genus two with three boundary components, containing a 1 and a 2 . The curve v 2,o is the unique curve up to isotopy disjoint from x 2 , a 2,g+n−1 , b 2,g+n−2 , a 1 , u 2,o and all the curves of B 1 ∪ B 2 that are in N \ M 2 . Since h and λ agree on the isotopy class of all these curves, we have
Proof of Claim 3: When we cut N along the curve b 2,g+n−2 we get a nonorientable surface, M 2 , of genus two with three boundary components, which contains a 1 and a 2 . The curve d 1,2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of v 1 , v 2,o , b 2,g+n−1 , b 2,g+n−2 and all the curves of B 1 ∪ B 2 that are in N \ M 2 . Since h and λ agree on the isotopy class of all these curves, we have 1,2 ] ). When we cut N along the curve b 3,g+n−1 we get a nonorientable surface, M 3 , of genus three with two boundary components, which contains a 1 , a 2 and a 3 . The curve d 2,3 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 1 , v 2 , v 3,o , b 3,g+n , b 3 ,g+n−1 and all the curves of B 1 ∪ B 2 that are in N \ M 3 . Since h and λ agree on the isotopy class of all these curves, we have
Claim 4 We proved that h(
i=1 B i is a finite rigid set.
Let B 5 = {k 1 , k 2 , . . . , k g−1 , p 1 , p 2 , . . . , p g−1 , e 1,2 , e 2,3 , . . . , e g−1,g , l 2 , l 3 , . . . , l g , r 1,2 , r 2,3 , . . . , r g−1,g , y 2 , y 3 , . . . , y g , s 1,2 , s 2,3 , . . . , s g−1,g } where the curves are as shown in Figure 13 .
Proof. We will give the proof when n ≥ 2. The proofs for the other cases when n ≤ 1 are similar. Let λ : 
, we cut N along the curve b 2,g+n−1 . This gives us a nonorientable surface, M 1 , of genus two with two boundary components, containing a 1 and a 2 . The curve k 1 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 2 , b 2,g+n−1 , w 1 , all the curves of B 1 ∪B 2 that are in N \M 1 , and also nonisotopic to a 1 . Since h and λ agree on the isotopy class of all these curves, we have h(
, we cut N along the curve b 3,g+n . This gives us a nonorientable surface, M 2 , of genus three with one boundary component, containing a 1 , a 2 and a 3 . The curve k 2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of a 1 , a 3 , b 3,g+n , w 2 , all the curves of B 1 ∪ B 2 that are in N \ M 2 and also nonisotopic to a 2 . Since h and λ agree on the isotopy class of all these curves, we have
, we cut N along the curve b 2,g+n−2 . This gives us a nonorientable surface, M 3 , of genus two with three boundary components, containing a 1 and a 2 . The curve p 1 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of k 1 , a 1,g+n−1 and b 1,g+n−2 and all the curves of B 1 ∪ B 2 that are in N \ M 3 . Since h and λ agree on the isotopy class of all these curves, we have
, we cut N along the curve b 2,g+n−1 . This gives us a nonorientable surface, K 2 , of genus two with two boundary components, containing a 2,g+n . The curve p 2 is the unique nontrivial simple closed curve up to isotopy disjoint from and nonisotopic to each of k 2 , a 2,g+n , a 1 , b 2,g+n−1 and all the curves of B 1 ∪ B 2 that are in N \ K 2 . Since h and λ agree on the isotopy class of all these curves, we have
, we cut N along the curve b 3,g+n . This gives us a nonorientable surface, M 4 , of genus three with one boundary component, containing a 3,1 . The curve p 3 is the unique curve up to isotopy disjoint from and nonisotopic to each of k 3 , a 3,1 , a 1 , a 2 and b 3,g+n and all the curves of B 1 ∪ B 2 that are in N \ M 4 . Since h and λ agree on the isotopy class of all these curves, we have h( Remark: From now on, to prove our main theorem we will follow the proofs given by the author in [6] . We note that our set 5 i=1 B i has more curves (see for example x i , u i,o , v i+1,o ) than the curves considered in Lemma 3.8 in [6] . So, even though there are similarities, the sequence we will construct whose elements are rigid sets in the proof of Theorem 1.1 will be different from the sequence we constructed whose elements were superrigid sets in [6] . Lemma 3.10 5 i=1 B i can be completed to a rigid set B such that B has nontrivial curves of every topological type on N.
Proof. By Lemma 3.9, we know 5 i=1 B i is a finite rigid set. We can complete 5 i=1 B i to a rigid set B such that B has nontrivial curves of every topological type on N by following the proofs of Lemma 3.9 and Lemma 3.10 given by the author in [6] . The proofs there are given for superinjective simplicial maps but the same arguments work for locally injective simplicial maps. The main idea there is to see that if a curve y is uniquely defined by a set A of curves (meaning that y is the unique curve up to isotopy disjoint from and nonisotopic to each curve in A), and we know that λ agrees with a homeomorphism h on [x] for each x ∈ A, then λ and h agree on [y] as well. This argument works for locally injective simplicial maps too. Since the construction is very similar we will not give it here.
Let B be as in the Lemma 3.10.
Lemma 3.11
There exists a generating set G for Mod N such that ∀ f ∈ G, ∃ a set L f ⊂ B such that L f has trivial pointwise stabilizer and f (L f ) ⊂ B.
Proof. To see the generating set G, see Theorem 3.11 and Theorem 3.15 given by the author in [6] and Theorem 4.14 given by Korkmaz in [11] . Then the proof for this lemma is similar to the proofs of Lemma 3.13 and Lemma 3.17 in [6] .
Theorem 3.12 If g + n ≥ 5, then there exists a sequence E 1 ⊂ E 2 ⊂ · · · ⊂ E n ⊂ . . . such that (i) E i is a finite rigid set in C(N) for all i ∈ N, (ii) E i has trivial pointwise stabilizer in Mod N for each i ∈ N, and (iii) i∈N E i = C(N).
Proof. By using Lemma 3.11, we can see that the proof follows as in the proofs of Theorem 3.14 and Theorem 3.18 given by the author in [6] . The construction of the sequence is done by induction and is similar to the one we gave in the proof of Theorem 2.3 in section 2.
